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SUPER SOLUTIONS OF THE DYNAMICAL 
YANG-BAXTER EQUATION 

GIZEM KARAALI 


Abstract. A super dynamical r-matrix r satisfies the zero weight con¬ 
dition if: 

[/i (g) 1 + 1 (g) ft, r(A)] = 0 for all ft € li, A £ f)*- 

In this paper we classify super dynamical r—matrices with zero weight, 
thus extending the results of to the graded case. 


1. Introduction 

A complete classification of the nonskewsymmetric solutions of the clas¬ 
sical Yang-Baxter equation exists in the case when the underlying structure 
is a simple Lie algebra; see ^ and |2j for the original proofs by Belavin 
and Drinfeld, and jH] for a more pedagogical exposition. A similar construc¬ 
tion, with natural modifications, works in the super case as well; see jSI- 
However, it turns out that this may not be easily modified into a full clas¬ 
sification result; see jH] for an explicit construction and detailed study of a 
counterexample. 

It is well-known that solutions of the classical Yang-Baxter equation on 
a Lie algebra give us the semiclassical limits of quantizations on the associ¬ 
ated Lie group. In [^, Etingof, Schedler and Schiffmann have explicitly con¬ 
structed quantizations associated to all solutions coming from the Belavin- 
Drinfeld result. Their method in fact works for all dynamical r—matrices, 
i.e. the solutions of the more general dynamical Yang-Baxter equation. 

The purpose of this paper is to begin a study of the super analog of the 
theory of dynamical r—matrices. Ultimately our goal is a full theory of 
quantum groups in the super setting. We expect that understanding the 
super solutions of the dynamical Yang-Baxter equation will provide us with 
valuable insight, and hence help us extend or modify the quantization result 
cited above to obtain a graded analogue.^ A possible classification result in 
this more general setting of dynamical r—matrices may also clarify the so 
far exceptional case of the classical r—matrices mentioned before. 

^As pointed out by P. Etingof, a different method of quantization, by Etingof and Kazh- 
dan, has been generalized to the super setting, see |7|. However, this is a less constructive 
technique, and does not fully answer our questions. 
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2. Dynamical t-matrices in the Super Setting 

2.1. Definitions. Let g be a simple Lie superalgebra with non-degenerate 
Killing form (• , •). Let C g be a Cartan subsuperalgebra, and let A C 
be the set of roots associated to 1). Fix a set of simple roots F or equivalently 
a Borel b. The classical dynamical Yang-Baxter equation for a meromorphic 
function r : ^ g (8) g will be: 

Alts{dr) + [r^^, = 0 (1) 

The differential of r will be defined as above as: 

dr : i)* —> g <8) g <8) g 

A ^ EiXi®-§rMy 

Here {xj} is a basis for f} so all Xj are even. Recall that Altg : g®^ ^ g®^ is 
given on homogeneous elements by: 

Alts{a®b®c) = a(8)6(8)c-h (-l)l“l^l^l+l''l)6(8)c(8)a-h (-l)l‘'l^l“l+*'’'^c(8)a<8)6, 
In view of all this, we can see that for r = Rqi) (8> Rj( 2 )- 



We will say that a meromorphic function r:f)*^g(8)gisa super dynam¬ 
ical r-matrix with coupling constant e if it is a solution to Equation ^ and 
satisfies the generalized unitarity condition: 

r(A)+r,(r)(A) =eD, (2) 

where D is the Casimir element, i.e. the element of g (8) g corresponding to 
the Killing form. Here, Tg'.V^V \s the super twist map defined 

on the homogeneous elements of a given super vector space V as 

Tsia^b) = a. 

Remark. The above definitions are the natural super analogues of the non- 
graded terminology used in the study of the dynamical Yang-Baxter equation, 
see [3] for a survey on the non-graded theory. 

2.2. Super Dynamical r-matrices with Zero Weight. A super dynam¬ 
ical r-matrix r satisfies the zero weight condition if: 

[/i(8> 1 -|- 1 <8) h,r(A)] = 0 for all /i e [), A e f)*. 

In the next two sections we will prove the following two statements: 
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Theorem 2.1. (1) Let X be a subset of the set of roots A of a simple Lie 
superalgebra 0 with non-degenerate Killing form (• ,•) such that: 

(a) If a, P G X and a + P is a root, then a + P G X, and 

(b) If a G X, then —a G X. 

Let V G i)*, and let D = Yli<j Dijdxi Adxj be a closed meromorphic 2—form 
on i)*. If we set Dij = —Dji for i > j, then the meromorphic function: 

’’U) - H Dij{\)Xi ®Xj+ ^ ^ 

is a super dynamical r-matrix with zero weight and zero coupling constant. 

(2) Any super dynamical r-matrix with zero weight and zero coupling con¬ 
stant is of this form. 

Theorem 2.2. (1) Let q be a simple Lie superalgebra with non-degenerate 
Killing form (• , •). Let X be a subset of the set of roots A of g satisfying 
conditions (a) and (b) of Theorem, \2. A Pick n G t}*, and define: 

({e/2) coth ((-l)l"l(e«,e_Q,) (e/2) (a, A - u)) if a G X 

<Pa= \ (=te/2) if a ^ X, negative 

=F(—(e/2) ifa^X, positive 

Let D = J2i<j Dijdxi A dxj be a closed meromorphic 2—form on \)*. If we 
set Dij = —Dji for i > j, then the meromorphic function: 

N 

r(A) = ^ Dij{\)xi <Si Xj + -Ll + Pa^a <8) e-a 

is a super dynamical r-matrix with zero weight and nonzero coupling constant 

e. 

(2) Any super dynamical r-matrix with zero weight and nonzero coupling 
constant e is of this form. 


Remark. Note that if we take the limit as e —> 0, the above expression 
reduces to the expression of Theorem, \2. A 

2.3. Proof of Theorem Em For any positive root a fix G ga and pick 
e-a G g-a dual to i.e. 

{ca, C-a) = 1 for all a G A”*". 

We introduce the following notation: 

^ _ f (—l)l"f if a is positive 
“1 1 if a is negative 
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Note that A^a = (—We can use for instance to write the duals 
of our basis vectors in terms of one another: 


or equivalently: 


— A — n/C — r 




Let r : i)* ^ g (8) 0 be a super dynamical r-matrix with zero coupling 
constant. Then the zero weight condition on r implies that r has to be of 
the form: 

r{X) = '^Dij{X)xi ® ^ ^aGa <8) e_o, 

ij a^A 

where Dij,ipa are suitable scalar meromorphic functions such that: 

Dij{X) = -Dji{X) and (p-a = 

One can easily check that there can be no terms mixing the Cartan part 
with the non-Cartan part, and the conditions on the Dij and the ipa follow 
from the zero coupling constant. 

Equation^is an equation in g (g) 0 ® 0. The zero coupling constant implies 
that the left hand side of the equation is skew-symmetric with respect to 
signed permutations of factors: 

(12) s(a(8) 6(8) c) = (-l)l“*l'’l6 (g) a (g) c 

( 13 ) ,(a® 6 ®c) = 

( 23 )s(a (g) 6 (g) c) = (—(g) c (g) 6 


Therefore in order to solve Equation^ it is enough to look at its f) (g) f) (g) f), 
[) <g) 0Q: ® 0-a, and 0a (g) 0/3 (g) 5 -a-f 3 parts. 

The f) (g) f) (g) [) part is: 

mdDjkXjX^ ^ j2)dDjkXjX^ 




i,jX 


dxi 


+ 

i,j,k 


dxi 


i,j,k 


( 3 ) dPjkXjXl 


( 12 ) 


dxi 


E 


dD. 


jk 


/ „ Xj (g) Xj 

OXi 

i,j,k 


'Xfc + ^ 


i,j,k 


dPjk 

dxi 


Xfc (g) Xj (g) Xj 


+E 




dPjk 

dxi 


Xj ® Xk® Xi 


(dPij dPjk dPki\ 

} -^ ^ +- - Xi ® Xj ® Xfc, 

\ 'r- Xj J 




Xj^ Xi 
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and it vanishes if and only if D = 'Ylicj Dijdxi A dxj is a closed 2—form. 

To find the f) (8) 0a <8) 0 -q part, we first look at [[r, r]]: 

= '^Dijipi3[xi,ef}\ ® xj (g) e_/3 + ^ Dkiipa[ea, Xk] 0 e_a <8) xi 

k,l,a 

+ ^(-l)i"ll^lv9a</?/3[ea,e/3] (g) e_a ® e_/3 

a,f3 

[r^2, ^ Dijipf^Xi (g) [xj^ep] (g) e_/3 + ^ Dkiipaea ® [e-a-,Xk] ® xi 

k,l,a 

+ ^ (fa^isea <Si [e-a,ep] (g) e-p 
a,f3 


[^13^ ^23] ^ Dijifpxi (E)ep(E) [xj,e-p] + ^ Dkiifaea (E)Xk(E)[e —aj Xi] 

ij,0 k,l,a 

+ ^(-l)'""^'v?a</^/3ea 0ep0 [e-a,e-p] 

a,l3 


We can now easily see that the f) (g) 0a <g> 0-o part will be; 

I [^0g^0g_^ T ^ 1)^ /3 V^q^/9[Cq) 6^] ® C_a <g* C—/3 T 

a, 13 

y~l Dij(ppxi (g) [xj,ep] (g) e-p + ^ DijippXi ®ep® [xj,e-p] 
i,j,l 3 i,j ,0 


We note that the last two sums cancel out, because: 
ep (g) [xj, e_p] = {-P){xj)ep (g) e_p = -{f3{xj))ep (g) e_p = -[xj, ep] (g) ep 
and we have: 

(dr) I ^ 1)^ /3^aV^/3[6a) C/S] ® Q ® /3 

a,f3 


= E 

2 , 0 : 

= E 

2,0 

= E 

2,0 

= E 


difa 

dxi 

dipa 

dxi 

dp>a 

dxi 

dp>a 

dxi 


Xi® Ca® e_a 

Xi® Ca® e_a 

Xi® Cct® e_a 

Xi® Cct® e_a 


T ^ 1)^ ^V^a^—of^aj C_a] <g* C—a ® Co 

O 

H“ ^ 1)^ ^9^0^ —o[^ —o? ^o] ® ^o ® ^ —o 

o 

^ 1)^ ^9^oV^ —o( -^o)^o ® ^o ® ^ —o 

o 

+ ^ ^o^oV^o/^'o ® 0 e-a 

a 
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which we can rewrite as: 


Lq, I vy Cq; 


' e_r 


«gA Vi* / 

where /iq, G [) is defined by: 

[eQ.,e_Q,] — {^6-ct, €—a)hct — -^—aha- 

(Recall that both {xi} and {ha\a G T} are bases for 1) and equivalently 
linear coordinate systems for f)*). For this term to vanish we must have, for 
all a G A: 

Z = 0- 


We can rewrite this as: 




If we define by: 

l^OL - 

then = Aa, and the equation we need to solve is: 


\/^ if a is an odd positive root 
1 otherwise 


dipci + Pa^adha = 0. 

We assume / 0 and let Ua = PaPa- Separating variables to integrate we 
obtain: 


1 f —dur 


= / dha 


1 


Pa J K 


and we get: 


- t^OL^OL - 


A. 


Pa^cx ~t~ C 


Pa = 


ha ^a 

for some Va G C. Here ha is viewed as a linear function on f)* via ha{^) = 
(a, A). 


Finally we look at the 0a <8> 0/3 <8) 0-a-/3 part of Equation ^ There is no 
contribution from the dynamical part; the only terms we need to look at 
are: 

^(-l)l"ll/^l</?aV^/3[ea, 6/3] ® e_a (8 6-/3 + ^ PaPpSa <8) [e_a, 6/?] (g) e_/3 
a,P a,/3 

+ < 8 ) 6/3 (g) [e_a, e_/ 3 ] 

a,0 

Denote by C the matrix of coefficients determined by: 

[ 6 a, 6 / 3 ] = C'2,/3®7' 

Then we can rewrite the terms we are interested in as: 

Ea,/3,7(-l)'“"^'v^aV^/3<^2,/3e7 ® e_a ® 6_/3 
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+ Ea,/ 3,7 0 67 (g) e_/3 

= (g) e_a <g) e_/3 

+ Ea,/3 ‘Pa^pCZa^p^ea <g) e_„+/3 (g) e_/3 
+ (g) e /3 (g) e _„_/3 

= Ea,/ 3 (-l)'“"^'v?o‘^/ 9 C'Q,’] 3 ^eQ +/3 (g) (g) e _/3 

+ Ea,/3 ‘faippCZ^y ea <g) e_Q+/3 (g) e_/3 
+ (g) e /3 (g) e_o _/3 

We want the coefficient in front of the term e^ <g) e/3 (g) e-a-p to vanish: 

(_l)l/3||a+/t|^_^^^^^C“/3,,+/3 + p^aiPa+pC^_^,^+p 

+ (-l)l“ll^lyP„^/3C:“4 = 

-(-1)I“II^I(/7/3^„+/3C“/3,,+/3 + 

+(-i)|“||^|(^„(^/3c:“4 = 0 

We now compute these constants: 

^—! 3 ,a+P ~ ([C-/3) 6q,-|_/3], Cq,) = ([e_/3, eQ-3_/3], yl_Q-e_Q,) 


„a+P [®«’ ®/3]]; 6—a) 

^a,P 

_(_l)HI/tU_^ 

= --([e_/3,[e/3,e„]],e_«) 

^a,P 

_('_l')l«ll/3!^ 

= ' ~° ([|e-,i,e;,],e„| + (-l)l'’l[e„.[e-a.e„|].e-„.) 

^a,p 

„a+p /3) 6/3J, Cq,], e_Q,) 

^a,p 

(_1)NI/3|(_1)I«U_ „ , , , 

q,_I _/3 ([[C/ 3 ) 6-/3], Cq-J, C-q) 

^a,P 
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C 


a ,(3 


where we use the Jacobi identity and (^q)^ = 1. Similar computations yield; 


—a,a+l 3 




c: 


a+f3 


(ha,hp ) 


a, 13 


c 


-a -/3 _ + 


—a,— 13 


c\ 


'Q+h 


{haj ^/S) 


a ,(3 


Recall that if a + /3 is a root, {ha,hj 3 ) / 0 and / 0. Then we can 

rewrite the coefficient of Ca® e^a-p- 

0 = -{-l)^^^^f^^ippipa+pC^P^a+P + ^a^a+pC^a,a+P 


0 = 

^a,P 


. V) 


+ fa'pa+P qO+P y^a^hfj) 


C' 


• hp) 


a,P 


0 = _(_i)HI/3|y,^<^„^^(_l)l«ll/3|(_i)lhU_^ + <^^^^^^(_(_l)H)^_^ 

+ (-1)HI/3I<^„<^^(_1)I-II/3|(_i)I«I+I/3U^^^ 


0 = -{-l)^^^(ppipa+pA-a- i-l)^°'^^a^a+pA-p 

+ (—1) I “ I ■*■ I ^ I (^o yla+/3 

which can be rewritten as: 

Aa+p^a^p Aa^pp^a+p T Apfp>a^oi+p 
— (Aa^p + AfjLpa) ^a+P 
where we use Aa = (—and (Aa)^ = 1- 
Define the set 

X = {ae X\ipa / 0} 

Then it is easy to see that X is closed under addition and changing signs. 
In other words, if a, /3 G X, then so are a + (3 and —a. These follow directly 
from the above equation relating ip a and ipp io (pa+p-, and the unitarity 
property (i.e. r = —Ts{r)). 
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Next assume a and (3 are positive and in X. Then the above calculations 
yield: 

■^a+/3^a^fS — T ^a+P 




(_l)l«l+l/3| ( 

\ha-Va) yhp-Vpj 




ha- 




ha ^a J ha-\-/3 l^a-^-0 


' + ' 


^ Hqi Uqi J y hp Up 
Since haj^p = ^a + hp we must have: 

h'a+P Uq, + Up 

Also recall that (p-a = and so: 

A q 


Up ha Uqi j ha-\-p ^ q :+/3 


1 


h—a U_Q, 


ha h'a 


which implies that u-a = —^'a- Therefore we can conclude that there is 
some u G f)* such that Ua = (a, u) for all a G A. This completes the proof 
of the theorem. ■ 


2.4. Proof of Theorem ESI We start with fixing a basis for the non- 
Cartan part of g in the same manner as above. In other words for any 
positive root a we fix G ga and pick e_a G g_a dual to Cq, i.e. 

{ca, e-a) = 1 for all a G A"*". 

We again need the following notation: 

^ _ f (—l)l“l if a is positive 
“ ^ 1 if a is negative 

and we note once again that A-a = 

Let r : ^ g(8)g be a meromorphic map, 12 G g(8>g the Casimir element, 

and e a nonzero complex number. Introduce a second meromorphic function 
s : f)* ^ g (g) g by: 

s(A) = r(A) — -12 for all A G [)*. 

We will now prove the following technical lemma: 

Lemma 2.1. The map r is a super dynamieal r-matrix with zero weight and 
eoupling constant e if and only if s satisfies the zero weight condition: 

[/i (g) 1 + 1 (g) /i, s(A)] = 0 for all h € i), \ € 1)*, 
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the unitarity condition: 

s{X) + Ts{s){X)=0, 

and the following modified version of the dynamical Yang-Baxter equation: 


Alts{ds) + [[s, s]] + ^]] — 0, 

where, for any 2—tensor r: 

[[r,r]] = 


(3) 


Remark. This is exactly Lemma 3.9 of [^. Its proof consists mainly of a 
direct calculation, but the computations are significantly more involved in 
the super case. In any case, the proof will be given here for completeness. 


Proof: The zero weight condition and the unitarity condition on s imply 
that s has to be of the form: 

'S(^) = X] Dij{X)hi ® hj + ^ ® e-a, 

i,j aGA 

where {hi} is a basis for t), and Dij,ipa are suitable scalar meromorphic 
functions such that: 

Dij{X) = -Dji{X) and (p-a = 

One can easily check that there can be no terms mixing the Cartan part 
with the non-Cartan part, and the conditions on the Dij and the ipa follow 
from unitarity. 

We have: 

[[r,r]] = [[s + I + I O]] 

2 

so it suffices to prove that [[r, r]] — [[s, s]] — x[[ ^ zero. In other words 

we need to show that 

£ ([^12, ^13] + ^ ^23] ^ [^13^ j^23] ^ ^23]) 

vanishes. 

If {/i*} is the dual basis in i) to {hi}, then we can write the Casimir 
element as: 


Q = 


hi ® hi 


a&A 


e-r 


and we have: 


SUPER SOLUTIONS OF THE DYNAMICAL YANG-BAXTER EQUATION 


11 







[n 


12 




[n 


13 



— ^ ^ hj h “h ^ ^ 9^0: ^k\ ^— o. h 

i,j,k a,k 

+ ^ DijAi3[hi,ei3\ (g) hj (g e_/3 

i,j,P 

+ 6/3] (g) e_o (g) e_/3 

a,f3 

= ^ Djk[hi, hj] (g) /i* (g) /ifc + ^ V 2 / 3 [^i, 6 / 3 ] (g) /i* (g) e _/3 

ij^/c 2,/3 

+ ^ ^ [Cq , /ij] ® C—a ® 

aj,k 

+ ^(-l)l“II^UaV9/3[ea, 6 / 3 ] (g) e_o (g) e_/3 

a,0 

— ^ ^ D'ijhi ^ ^ ^ V^Ci^Q: —Q;; ^fc] ^ 

i,j,k a,k 

+ ^ DijAphi (g) [/ij, 6 / 3 ] (g) e _/3 

i,jA 

+ ^ ipaApea <g) [e-Q, 6 / 3 ] (g) e _/3 
a,f3 

= ^ -Djfc/ij (g) [/i*, /ij] (g) /ifc + ^ pphi (g) [/i*, 6 / 3 ] (g) e _/3 

zj^/c i,0 

-\- ^ ^ ® [c—Q, hj\ ® 

aj,k 

+ ® [C-Q? ep] 0 e _/3 

a,l3 

— ^ ^ D'ijhi hf:^ ^ ] “h ^ ^ 9^0: ^Zu —Q:; ^ ] 

i,j,k a,k 

+ ^ DijAphi ®ep® [hj,e_p\ 

1, j,P 

+ ^(-I)l"ll^lv9a2l/3e„ (g) 6/3 (g) [ 6 _a, 6_/3] 
a,13 

= ^ -Djfc/ij (g) /ij (g) [/i*, hk] + ^ pphi ® ep® [/i*, e_/ 3 ] 

2, JI,Zc 2,/3 

+ ^ ^ Afy^Dj}^C(x ® hj ® [c—Q, /^Zc] 

aj,k 

+ ^(-l)l“II^Ua(/9/36„ (g) 6/3 (g) [ 6 _a, 6_/3] 

a,3 
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Clearly the first sum in each of these six terms is zero, as the hi are all in 


the Cartan. It is also easy to see that 
as well: 

DijAi 3 [hi,ef}\ ® hj 0 e-p = 

i,j,P 


where we use Dij = —Dji, 

^ ^ ^[cq, hj] 0 e_Q 0 h/j — 

aj,k 


and: 

^ ^ DijAffhi ^ [hj, 6^] (S' /t — 


We can also see that: 

^ ^ [co) hfc] 0 e_Q 0 h — 
a,k 


and: 

(g) [/i*,e/3] (g) e_/3 = 

i,f 3 


but: 

(g) h* (g) e_^ = 
i,l 3 


the sum of all the third sums vanishes 

y~] DijAi}(3{hi)ei3 (g) hj (g) e_/3 

^ ^ ® hj ® [^—/9; 

idA 

^ ^ ^ hj (S' [C —Q? ^/c] 

^ ^ )^q; ® ^ —Q ® 

^ ^ -^aDjk^a ® [^—ck; ® 

y~] DijAfjP{hj)hi ®ep® e-p 

^ ^ DijAphi (g) (g) [hj, e_^]. 

iJA 

y~] (Pa{-a{hk)ea) 0 e-a 0 h^ 

a,k 

^ ^ ^0.^0. ® [^ —Q? ^/c] ® ^ ; 

a,k 

y~l p:>p(3{h'')hi ®ep® e-p 
i,(3 

- ^ If phi ®ep® [h\ e-p] 
i,(5 

y~l (ppP{hi)ep ^h'- ® e-p 
i,P 

(fpep (g) (5{hi)h}) (g) e_;3 

d i 

^ (/9/3e/3 (g) /i/3 (g) e_/3 

p 
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<^hk(E)[e —a? h ] 

a,k 


(poLOi{h^)ea ®hk® e-a 

a,k 

yy ^aSa ® a{h^)hk) ® e-a 

a k 

y ^ ^a^<y. ® ^OL ® ^— OL 


where /iq, G f) is defined as usual by A^^ha = {sa, e-a)ha = [eo,e_a]. 

Next we look at the six remaining terms, the fourth sum in each term 


above. We note that; 



'^[-l)\A\P\ip^Afi[ea, 6/3] <8) e-a 

® 

e-pSa-fS 

a,13 

= 

^ 1)^ ^—Q [^CK; 6 —q] ® ^—a ® 

Aa<fl3[ea, ep] ® e-a 

® 

e-(36a-(3 

a,P 

= 

^ 1)^ ^—Q [^q;; 6 —q] ® ^—a ® 

a 

'^iPaA/sea ® [e-a, e/3] 

® 

e-pda,(3 

a,(3 

= 

yy P>aAaea ® [e-a, ea] <8) e-a 

a 

'Y^Aa'Ppea ® [e-a, e/3] 

® 

e-pda,p 

otfi 

= 

yy AaPaea ® [e-a, ea] <8) e-a 

rv 

'^[-l)\<^\\l^\(paApea ® e /3 

® 

1 

1 

5 

* ^ 

a,f3 

= 

^ 1)^ ^ ^OL^ — Oi^cy ® ^ — cx ® [^ —Q? 

O' 

y^(-l)l"II^I^QV^/ 3 ea <8) e /3 

® 

[e-a, e—p\da,—p 

a,f3 

= 

y^(-l)l“Ua:/ 3 -Qea <8) e-a <8) [e-a, ea] 


a 


We can see that the first two and the last two of these cancel out one another 
because: 


^aA—a — ( 1 )^ ^(paAa a 
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and the center two add up to give; 

2 ^ ^ (paActC-a ® \&—ai Ca] ® G—a 

Oi 

— 2 'y ^ ‘fai, 1 )^ ^^aGa ® [®«) G—a] ^ G—a 

a 

— 2 ^ ^ (/^^(yl—a) Ca ® hoi 0 6—a 

a 

= -2 ^ ^aGa ®ha® e_a 

a 

because = 1. This cancels the terms remaining from the second sums: 

y~l <fl3Gf5 <8) h/3 (g) e_^ + ^ 99aea ®ho,® e_a = 2 ^ ®hfs® G_p 
13 a (3 

Finally the only terms remaining that we need to check are the terms of 
the form Ca <8> (g) e-y which all come from the fourth sums. If C is again 

the matrix of coefficients determined by: 

[Ca, Gfj] = ~ ^a,f3^^a+f3j 

7 

then we can write the last six terms as follows: 

^(-l)l“ll^lv^a^/3[ea,e/3] (g) e_a <g) e_/3 

a,l3 

= (g) e_a <g) e_^ 

a,(3 

^(-l)l“ll^l^a</5/3[ea,e/3] (g) e_a <g) e_/3 

a,(3 

= (g) e_a <g) e_;3 

a,(3 

'^(faAfsGa <g) [e_a,e^] (g) e_/3 

a,(3 

= ^ ^aApCZa'^f Ga <g) e_„+/3 (g) e_^ 

a,(3 

'^AaippGa <g) [e_a,e^] (g) e _/3 

a,(3 

= ^ AaifpCZa'^f Ga <g) e_„+/3 (g) e_^ 

a,(3 

^(-l)l“ll/^lv^a^/3ea <g) (g) [e_a,e_^] 

a,13 
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= <8) 6/3 ( g ) e _„_/3 

a, 13 

^(-l)l“ll^l^aV?/3ea (g) 6/3 (g) [e_a,e_/3] 

a,3 

= (g* 6/3 (g) 6_„_/3 

o,/9 

We write down the contribution of each of these six sums to the coefficient 


front of 6 q, (g) 6/3 (g) 6 _q,_/ 3 : 



J;(-i)|“||^i^,aI/3c3^6„+/3 

(g) 

6 _q, (g) 6-/3 

o,/9 



^(-i)1«ii/5Ia„(^/3C'2^6„+/3 

(g) 

6 _q, (g) 6_/3 

o,/9 



Y.^aAi,CZ^^+fe^ 

(g) 

6 —q:H-/3 ® /3 

a,3 


</^o^o+/3C'!i!Q,^a+/3 


(g) 

6 —q:H-/3 ® /3 

o,/9 


^a</^o+/3C'!i!Q,,a+/3 

j;(-l)!“ll/5|^„yl/3C:“46„ 

(g) 

6/3 ® ^—a—0 

o,/9 



^(-i)!“ii/5|gi„^/3c:“46„ 

(g) 

6/3 ® 6_a_/3 

o,/9 



Gathering like terms together we 

see 

that the coefficient we want is: 




+ ‘^aAa+l3C'^a,a+l3 + "4«‘i^a+/3^-a,a+/3 

or equivalently: 
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= v<, + {-i)i‘>ii'’U^c;“-4) 

+v,j (-(-i)|'’I(-i)''’"“+'’'a„+;3CV+u + (-i)'”"'’G„c;“-4) 

+VO+J + (-l)l'’ll“+'’l^_^C?^,„+^) 

We have computed earlier that: 


C 


-/d,a+P 


c 


’p 

—Q!,a +/3 


^-a-P 


(_l)l«ll/3|(_l)l/3|^_^ 


^a+P 


{ha, hp) 


c: 


a+P 


{ha, hp') 


a,P 


{-l)Hm{-l)H + \P\Aa+pA_aA-p 


c: 


■a+P 


{ha, hp) 


a,P 


Using these formulas, we can now see that each pair adds up to zero, and 
this completes the proof of the lemma. ■ 

This lemma shows that in order to study zero-weight super dynamical 
r-matri-ces with nonzero coupling constant, it suffices to solve the modified 
dynamical Yang-Baxter equation. This modified version of the dynamical 
Yang-Baxter equation: 

£2 

Altg{ds) + [[s, s]] -|- n]] = 0, (j3) 

is an equation in g (g) g ( 8 ) g. The non-Casimir components are easily seen to 
be skew-symmetric with respect to signed permutations of factors, following 
arguments from the proof of Theorem 12. IL The Casimir part is also skew- 
symmetric with respect to signed permutations of factors, as can be seen by 
a straight-forward computation. Because of this symmetry, it is sufficient to 
look only at the [)( 8 )[)( 8 )f), 0 -q, and 0 a (g) 0/3 ® Q-a-p components 

in order to solve Equation |21 

The [) <g) 1) (g) [) part comes only from the dynamical part (in other words, 
from Alts{ds)) and yields: 

dPjk dPki dPjj _ 

dxi dxj dxk ’ 

which implies that P = Yli<j Pijdxi A dxj is a closed differential 2—form. 

The f) (g) 0 a <8 0-0 part consists of two components. The part that comes 
from the non-Casimir part is the same as the whole of the f) <g) 0a <8 0-o part 
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of the dynamical Yang-Baxter equation for a zero-weight super dynamical 
r-matrix with zero coupling constant, (see Section ESI): 


I Y ^ 1)^ /3V^aV^/3[eQ., e^] (8> C—Q <8> 


a,0 


-^Xi (g) Cq, (g) e_Q, + (g) Cq, (g) e_ 


2 , 0 : 


E 




Xi (g) Cq, (g) e_Q, 


+ Af^ipoiipo^h, 


o ^o ^ ^—o 


To this we need to add the Casimir component, i.e. the terms that come 


from fl]]: 

[[n, fi]] |[j00^00_o 


^(-l)l"ll/^l(5a-/ 3 ^«^/ 3 [ea, 6 /?] (g) e_„ (g) e_fS 

a,l3 


V-a[ea,e-a\ 09 C-a 09 


—o-^—o^^o o 09 Cq 


1— (xif'Oc giy C—o 09 Cq/ 


^O ^O 09 C-Q; 


o 

= 

OL 

= - yo Agh, 

O 

and so the 1) (g) 0 o (g) 0 _g part of Equation 01 is: 
yo (g) eg (g) e_g y^ Aaif^ha ®ea® e_g “ ^ 

2,0 ^ O O 

which we can rewrite as: 

yo ( yp + ^a(¥ 5 g - ® eg (g) e_c 


'Q Cq/ 09 C-Q< 


oGA 


For this term to vanish we must have, for all a G A: 

X] = 0- 


We can rewrite this as: 


If we define fia by: 


^^a 


d^a T ^g(¥^g i ')dha — 0. 


if a is an odd positive root 
1 otherwise 
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then = Aa, and the equation we need to solve is: 

^2 

.2 


d^a + - -T)dK = 0. 


We assume ^ and let Ua = l^a^a- Also let Ca = Separating 

variables to integrate we obtain: 


dur 


1 


J el- ul 


= J dha =► Ua = jj-a^fa = Cq COth {CafJ^aha + C) 


iPa = ^ COth ( ^^{ha - Va) 


and we get: 


for some Va £ C. Here ha is viewed as a linear function on f)* via ha{X) = 
(a, A). 

Finally we look at the 0 q <8) 0/3 <8) Q-a-p part of Equation 01 There is 
no contribution from the dynamical part. The terms from [[s, s]] are (see 
Section o for more details): 

^(-l)l"ll^l</?aV^/3[ea, 6 / 3 ] (g) e-a 0 e_/3 + ^ ^a'-Ppea ® [E-q,, 6 / 3 ] (g) e_/3 
afi a,P 

+ '^i-l)P^P^PaPpea ®ep® [e-a,e-p\ 
a,P 

and the coefficient for the ea® eg® e-a-p term coming from this component 
is: 

+ ^aPa+pC^_a,a+p + 

We can simplify this further: 

{-l)\d\P+d\cp_f^ip^^f^CZg^a+p + PaPa+pC^a,a+p + (“ 1)V^/3C'l""^ 


= (-1)'' 


l«+/3| 


P—PPa+p' 




C. 


OL+P 

a,P 


{ha, hg) 


+ PaPa+P /r-iOL+P {Ua,hg) 

^a,P 

, . .^|a|l/3L. .. (-l)l“ll^l(-l)'“' + '^'Aa+/3A_„H_/3,, , , 

T ( 1) PaPp ^a+3 {da,hp) 


C. 


Oi+P 

a,P 


— PpPa+p ^_^_g{ha,hg) PaPa+P a+p^^'^'^d^ 

^a,p ^a,P 


P-a+pP-aAp 


c: 


■a+P 


{ha, hg) 


a,P 


+ PaPp 
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The Casimir component is: 

— 613 ] (g) e-a (g) e_/3 + ^ A^ApCa 0 [e-a,ep] (g) e_/3 

a,l3 a,p 

+ (g) 6/3 (g) [e_a, e_/3]) 

a,P 

and the coefficient in front of the Cq (g) 6/3 (g) C-a-p term coming from this 
component is: 

which we can simplify as follows: 


^a,l3 


+ 21qV1q.+/3 q ,_|_/3 (^o) hf^) 

^a,f3 


^a,l3 


•h) 


f-1 


-1 


((_l)i«ll/i|^^_l_^____(/j^^ V) + ^a+/3^Q,+/3(^o> ^ 13 ) 


a,13 


c\ 


a,(3 


+ (-l) 


^o,/3 




= TliSffG.M 


4 \c; 


o,/9 
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Therefore the coefficient of the Ca® efi® e-a-p term is: 

^a+P ~ ^a‘fa+P ^a+P 


r*' 

^a,P 

P^Q+P-^a-^P 


+ °;;+; ^ {ha,hp) + 

^a,P 

This is equal to zero if and only if: 


c: 


a,P 


V^PV^a+P^P T ^a^a+p-^a p-^a+p-^a-^p T ^ ^o+/3) 


or equivalently: 


■^OL+P'-Pa'-PP T ^ P^a+P-^a-^P — ‘pa+pi.-^a'pp T ■^P'pa) 


(4) 


where we use = 1. 


Let X = {a G A|</ 5 q / ^}. Then clearly X is closed under changing 
signs because s satisfies the unitarity condition. Equation |1] implies that X 
is also closed under addition. If a, /3 G A are two positive roots, then: 

' Arye , 


(/Jq, = - coth 


'{ha ^a) 


^P = \ coth {^^{hp - i^p)^ 
and Equation |1] implies: 

P>a+P = ^Aa+P coth (|(^a “ l^a) + ^{hp - fp)^ 
is not constant, so we must have: 

'Pa+P = I coth (^^^^^{ha+p - ya+p)^ ■ 

Since coth{—x) = —coth{x), this implies also that: 

^a+P — ^a T yp- 

Using if-a = — (—we can also see that y-a = —ya- Therefore we 
can conclude that there is some G [)* such that ya = (a, y) for all a G A. 

Thus we have proved that r is a super dynamical r-matrix with zero weight 
and coupling constant e if and only if s = r — is of the following form: 


N 

■S(A) = ^ Dij{\)xi <SiXj+'^ ipaSa 
ij=l aEA 

and this finishes the proof of Theorem 12.21 ■ 


e-r 
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3. Examples of Super Dynamical t-matrices 

Example 3.1. Let q be a simple Lie superalgebra with nondegenerate Killing 
form. For any choice of a triangular decomposition of g, the constant r- 
matrix: ^ 

r = X*) + e ^ {e-a®ea) 
i aeA+ 

and its super twist: 

Ts{r) = {xi ® X*) + e ^ (g) 

i oeAT 

are both zero-weight super dynamical r-matrices with coupling constant e. 
They correspond to X = tj) and D = 0 in Theorem A2.‘A We note that these 
r-matrices are in fact solutions to the classical Yang-Baxter equation. In 
fact, r can clearly be constructed by the main construction theorem of |H] 
with the trivial admissible triple (ri,r 2 ,r) where Ej = 0 and r = 0. 

Remark. The Cartan components of the r-matrices above involve G f), 
the elements of the dual basis of the basis {xi} for because it may not be 
always possible to choose an orthonormal basis for \] in the super case. 

Remark. Clearly the only solution of the classical Yang-Baxter equation 
constructible by the main construction theorem of jHj that we can also con¬ 
struct by Theorem \2.2\ is r given above. To reach any other r-matrix con¬ 
structible by this method, i.e. one that involves a nontrivial admissible triple, 
we would need to drop the zero weight condition. 

Example 3.2. For a non-constant dynamical example, consider the super 
dynamical r-matrix constructed by Theorem, \2.2i using X = A, D = 0 and 

V = 0 ; 

r(A) = + X] |coth (|(a, A)^ (e^, e_a) (e^ <g) e_„) 

aeA 

For a given triangular decomposition this can be rewritten as: 

r(A) = |D+ |coth A)^ (^{-l)^°‘^ea ® C-a - C-a ® . 

oeA+ 

For this triangular decomposition, if we take the limit as A —> oo while always 
staying positive, then we see that: 

^(A)—'1^+ X] I ((-l)'"'ea (g) e_„ - e_„ (g) 

aGA+ 

which is exactly the r-matrix Ts{r) of the previous example. If we take a 
similar limit as |A| —> oo while staying always negative, we see that: 

r(A)—'1^+ X] I (e-a e„ - (-l)l"leo (g) 

o£A+ 

which is exactly the r-matrix r of the previous example. 
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Hence we can conclude that this particular super dynamical r-matrix ex¬ 
trapolates different solutions of the classical Yang-Baxter equation associated 
to the trivial admissible triple, labeled by different triangular decompositions. 

4. Conclusion 

The two theorems proven in this paper are the super versions of Theorem 
3.2 and Theorem 3.10 in jH]. Their proofs were very clearly inspired by the 
non-graded case. A careful eye will discern the difficulties that are peculiar 
to the super case in the proofs provided here. 

For a classification of all super dynamical r—matrices, one needs further 
study. Schiffmann’s results in m provide a good template. It is this au¬ 
thor’s belief that the constructive part of Schiffmann’s results will carry over 
to the super case with certain modihcations. In light of recent results, one 
expects to see some divergence from the non-graded theory when it comes 
to the classification part; in fact the example studied in will be one of 
the challenges to a direct generalization. 
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